KOHEYHBIE PABHOCTH

3ajaanMcs LIENbI0 TPHAATh HHTEPIONSALMOHHOH dopmyne 6o-
Jiee TpocToi BUA, MOXOOHBIH BULY LIMPOKO MCTIOJNB3YEMO B MaTema.
THYECKOM aHanu3e (opmynsl Tednopa. Ecnn B HHTEPNONSALUMOHHOM
mHoroujene Jlarpawka (8.6) Bce ciaraeMple OBHOTHIHBI H HIpalor
OZIMHAKOBYIO poJib B 00pa3oOBaHHM pe3ynbTaTa, XOTenoch Obl HMery
TaKoe NPeACTaBICHUE UHTEPNOSALUUOHHOTO MHOTOWIEHA, B KOTOpOM,
KaKk 4 B MHoroujene Teilnopa, ciaraemble pacrnonaraiuch Obl B mo-
paike yObiBaHUS UX 3HauuMocTU. Takasi CTpyKTypa WHTEPNOAALUKON-
HOro MHOroYseHa nossojusa 6bl Oosiee nMpocTo MEPECTPaUBaTh erg
cTeneHb, nobapnas wid orbpachiBas yJaleHHbIE OT Hayalla ero 3aiy-
CH YJIEHBI.

TToctaBneHHoM uenu 6ynemM nobuBaTbCs CHayaaa [ HECKOIb-
KO CYXEHHOMN IMOCTAHOBKH 33724l MHTEPHONALUHU. A UMEHHO, Oynem
CUMTATh, UTO MHTepnoaupyeMas GyHkuus y = f(x) 3amaHa cBoumu

3HAYEHHSIMU Vg, V], ..., ¥V, H@ CHCTEME PAGHOOMICHMOAULUX Y3106
XQs Xq5 ---» Xp, T.€. TAKMX, UTO JIODOH y3en x; ITOH CemKu MOXHO
TIpEICTaBUTb B BUJIE

x; =Xxo +ih,
rine i=0,1,...,n, a h>0 — HexoTOpas NOCTOsAHHAS BEIMYHHA,

HaspIBaeMas utazom cemxu (Tabnyusl).
[Tpexe 4eM CTPOUTHL XKeNaeMble MHTEPNONALMOHHBIE HOpMY-
Jibl, PACCMOTPHM 3J1eMEHTbI TEOPHH KOHEUHbIX PAa3HOCTEH.
BolunTas M3 KaxJoro rnocjlefyroilero YieHa KOHEUHO! rocie-

JOBATENBLHOCTH M3 1+ 1 uncen yg, Vi, ..., ¥V, NPEAbIAYILIMH, 06pa3sy-
€M N KOHEUHbIX pazHocmeil nepeozo nopaoka
Ayo=y1-Y0, AV1=y2=-Y1r - » AYp =Yy =Vn

WM, TIPOLIE, 7 NepesiX pazHocmeii NaHHOMH TabmyHOH dyHKuuU. 13
HHX, B CBOIO OUYEPE/lb, TAKUM Xe 06pa3oM MOXKHO NOy4YuTs n—1 Ko-
HeuHbIX pazHocmeil 6Mopo20 ROPAOKA, U MOPBIX PAZHOCHEN.
2 2, .
Ay =Ay1-Ayy, Ay =Ay;-Ay, ...,

2 -
A'yp2 =AYy 1-Ay, .
DTOT Mpolece MOCTPOEHUs PasHOCTEH MoxeT GbiTh MpojosukeH, A
BECb OH, OUEBHMIIHO, ONMCHIBACTCS OJHONH PEKYPPEHTHOH opmynoH

BBIPAXKAIOLIEH KOHeunylo pasHocmy k-20 nopaoka A" y; uepe3 pas
noctu (k —1)-ro nopsaxa:
Ay, =Ny - Ay, 819

rae k=12, ..,n w Aoyizzy,-. '
B HekoTOpbiX ciydasx TpeOyeTcs 3HaTh BbIpasKeHHS KO“e:
HBIX PAa3HOCTeH HeNOCPeJCTBEHHO dYepe3 3HAaueHusi (yHKIHD



nexailel B X OCHOBe. JInd HECKONbKHX MEPBbIX MOPSAKOB Pa3HO-
cTe# MX MOXHO NOJTYYHTb NPAMOH [OACTAHOBKOI:

ij :y1+l —yia
Ay =Dy —Ayi = yis = Yist = Wis1 = ¥i) = Yis2 = 2V + v,
3 2 2
Ny =8y -0y = Yir3 = 2Yis2 t Visl —(J’i+2 =2y +)’i):
= Yir3 = 3Vis2 +3Vis1 - Vi s U T.0.

[loAMETHB 33aKOHOMEPHOCTE B KO3 dHUILHEHTAX PacCMOTPEHHBIX
npe/CTaBICHNH KOHEUHbIX pa3HOCTEH, 3aMuChIBaEM 0OILY IO bopmyny

k .
ko _ JJ .
Nyi= XY Clyvrriegs (8.20)
. j::O
KOTOPast MOXeT GbITh CTPOro 06OCHOBAHA METOOM MATEMATHUYECKOI
HHAYKUMH M KOTODas HAaNOMHHAET OWHOMHANIbHOE pa3liokKEeHHe

k
s (y=1)". \
[Ipusrekas onpenenenue mpoM3BOAHON, MOXKHO OBHAPYKHTH

NpAMYyr0 CBSi3b MEXKIY KOHEYHBIMH Pa3HOCTAMH H NPOU3BOIHbDI-
MH. A UIMEHHO, eCJid Y4€CTh, 4YTO

Yirl Vi _ lim Sl +h) - f(x;)

lim = f(x;)
il
h—0 h h—0 h
TO MO>XHO CKa3aThb, 4YTO MpH MalbiX h HMEET MECTO ﬂpH6.ﬂH)KeHHOC

PaBEHCTBO
’
Ay; = f'(x;)h,
T.€. MepBble PA3HOCTH XaPaKTEPH3YIOT MEPBYI0 POM3BOAHYIO (yHK-

Wi f(x), MO 3HAYEHHSM KOTOPOH OHHM COCTABICHBL IMons3yscs
3TUM, UMeeM A1 BTOPBIX Pa3HOCTEI:

Yit2 ~Yiet  Yie1 7 Vi

2
A%y, By -y h h
h? h? h
(x; +h)~ f'(x; "
LGS

2 2 h
Te. A%y, ~ £"(x;)h*, u, BoOG1Le,

Ak
Ay ~ 0 (x )k, (8.21)
TaKHM o6pa30M, HA KOHEYHbIEC Pa3HOCTH MOXHO CMOTPETH Kak

H o
Ma HEKOTOpLIH ananor NPOU3BOIHBIX Ortclona cripaBenauBoOCTb
Horux px CBOMCTB, OQMHAKOBBIX CO CBOWCTBaMH NPOU3BOJHbIX.



OTMETHM JIHLIb TPOCTefilIAe CBOJICTBA KOHEYHBIX PA3HOCTEH:
1) koHeunvie paznocmu nOCMOSHHOU pashbl Hyto (OYEBUHO);

2) NOCMOAHHBITI MHOJICUMENL Y QYHKYUL MOXCHO B8bIHOCUMb 3¢
3HAK KOHEUHOU PA3HOCMU.

JeHcTBUTENBHO,

A(Cy(x)) = Cy(x + h) = Cy(x) = Cy(x + h) = p(x)] = CA y(x)
npu 106bIX GUKCHPOBAaHHBIX X M nocTosHHOH C

3) koweunas pazHocme om Cymmol 08YX QYHKYUU PABHA Cymme
UX KOHEUHbIX pazHocmeti 8 OOHOU U MOt Jce MmouKe.

CROICTBO NPOBEPSETCS HEMOCPEACTBEHHO: 1PH MOOBIX X
~ Alu(x)+v(x)) = u(x + h) +v(x + h) — (u(x) + v(x)) =
=u(x +h) — u(x)+v(x + h)—v(x) = Au(x) + Av(x).

Caoiictea 2 u 3 xapakTepu3yiOT ONEpauuIo B3STHS KOHEYHOI
Pa3HOCTH Kak JIMHEHHYIO OllepallIo.

YyuThiBas poOJib, KOTOPYHD MIPatOT MHOrOWIeHbl B TEOpHH
MHTEPIONIUPOBAHUS, ITIOCMOTPHM, UTO MPEACTaBIAIOT  CoDoi
KOHE4YHbIe PA3HOCTH MHOIOYJICHA.

[TocKOIBKY MHOTOUJIEH B CBOEH KAHOHWYECKOH dopme ecTh Jiu-
HeifHas KOMOHMHAUHUS CTENEHHLIX (YHKUUM, TMOJIOKUM CHayana

~

y=x". Ucnonb3ys GUHOMHANbHOE pa3iokeHdHe n-il CTENeHu ABY-
4/eHa, MONYYHM:

Al")= Gt ) = " = i +—~——”(’;‘_1)h2x"‘2 +ot k" n”,

T.e. NepBas KOHEUHAA PA3HOCTb CTENEHHOH (QyHKUMH y =x" ecTh
MHOTOWIEH CTeNeHu n—1 CO cTapuluM 4JIEHOM nhx"~'. Ecnn B3atb
Ternepb KOHEYHYI0 Pa3HOCTh OT PYHKUHH
-1

y=apx" +ax" +...+a, x+a,, (8.22)

TO, B CUJY THHEHHBIX CBOMCTB A y, MOXHO 3aNHCcaTh
A y(x) = ay A(x")+ @ A(x”_1)+ cota, | Ax.

[lepBoe cnaraemMoe B 3TOH cymMMe, Kak BbISICHEHO, €CTh MHorouwIeH
(n—1)-#i creneHn, BTOPOE, AHAJIOTHYHO, — MHOrO4jeH CTenc
Hu n— 2, u T.A4. ClleaoBaTenpHoO, rieppas KOHe4YHas pasHoCTb MHOIO”
uneHa (8.22) B Toyke X € LIArOM A €cTh TOXE MHOro4jieH co CTap

wuM uneHoMm  agnhx”| BTopas KoHeuHas pasHOCTh — MHOTOHIEH

CO CTaplLHM YAEHOM aon(n—l)hzx”"z, ..., k-5 pasHocTh — MHO
k-

rousied co crapuuM  yienoM agn(n—1)...(n—k+1)h" X



[Ipy k =n nojlyyaeM NOCTOSHHY IO PasHOCTb 71-r0 Nopsaka

A"y =agn'h"
U1 MHOrouneHa (8.22); KkoHe4Hble Pa3HOCTH 60/1€e BHICOKMX NOPSA-
kOB, ECTECTBEHHO, PaBHbI HYJIO.

Hrtak, riaBHbii BBIBOJ U3 MPEABIAYIIMX PacCyXIEHUH: n-e Ko-
HeuHble PA3HOCMU MHO2OUNEHA n-ii cmenenu nocmosknbl, a (n+1)-e
u 8ce NOCedylowue PasHvl Hyuo.

Bonee BaXHBIM Uil MOHUMAHHSA CYTH NOJMHOMHAIBHOTO HH-
TepNONMPOBAHUS SABJISETCS YTBEPKJAEHHE, OOpaTHOE ClelaHHOMY
plIIE BBIBOAY. A MMEHHO, foka3aHo [58, 123], uro eciu xoHeunvle
pasHoOCmu. n-20 nopsoKa nekomopot gynkyuu y = y(x) nocmosnHel
g 11000t MOYKe X NPuU PasiudHbLX UKCUPOBAHHbIX wazax h, mo sma
@ynxyus Y(x) ecmo MHO2OUNEH Ceneny h.

Jins dynkumn y = f(x), 3aanHoil Tabauuell CBOMX 3HAYEHUH
Y0sY1» ---»¥Yn B Y3MaX Xq, Xy, ..., X,, A€ X; =Xq +ih, KOHEUHbIE
pa3sHOCTH Pa3HBIX MOPSAKOB yJOOHO NOMeiaTh B OAHY OOLIytO Tab-
JMIY C y3laMH ¥ 3HAYEHUSIMH (QYHKUUH (OCNeAHHE MOXHO HHTEp-
npeTHpOBaTb KaK KOHEYHble pAa3HOCTH HYJIEBOrO  MOPSAKA,
cM. (8.19)). D1y o0y Tabnuiy Ha3blBAlOT MAOAUUCH KOHEUHbIX
pasHocmeit. 3aMeTUM, YTO KpOMeE IIPUHSATOrO 31eCh TaK Ha3bIBAEMOTO
AMaroHalbHOro PacroIOKEHUs KOHEYHBIX Pa3HOCTEH, KOra YMCa B
KaX0M CTOJIOLE 3aMUCHIBAIOTCS CO CMELIEHHEM Ha MOJCTPOKH Tak,
Kak 3TO NoOkKa3aHO B Tabi.8.4, 4acTO NPUMEHSIOT TOPU3OHTAJILHOE
pacnojioxxenue, rae Ay;, A? Y; W JpyrHe pa3sHOCTH C HHIEKCOM - |
TOMELatoT B OJHOM CTPOKE C X;, V;.

Tabnuua 8.4
Huazonansnas mabauya koneynvix paznocmet
X0 Yo
X Ayg b
1 N A A%y 3
N 5 Nyo |,
X b A b%| 3 Ay,
. Ay ’ Ay 4
yn
X4 v S A2y3 Y2
N Ayy
S Vs
\




Koneunvie pasnocmu Qynkyuu 'y = X In? x

TaG6nuua 8.5

X Vi Ayi | Aty | Ay L Aty | By ] Sy | ATy | Ay L Ay | Ay,
04 0.336
-0.179
0.6 0.157 0.062
-0.117 0.015
0.8 0.040 0.077 L0012
—-0.040 0.003 | 0.008
1.0 0.000 0.080 -0.004 -0.007
0.040 -0.001 -0.001 0.013
12 0.040 0.079 -0.003 0.006 —-0.035
_10.119 -0.004 0.007 ~0.022 0.090
14 0.159 0.075 0.004 -0.016 0.055 -0.207
0.194 0.000 -0.009 0.033 -0.117
1.6 0.353 0.075 |- -0.005 0.017 —0.062
0.269 -0.005 0.008 -0.029
1.8 0.622 0.070 0.003 -0.012
0.339 -0.002 -0.004
2.0 0.961 0.068 -0.001
0.407 -0.003
22 1.368 0.065
0.472
2.4 \.84OL L




Tipsamep 8.3. CoctaBum Tabnully KOHEUHBIX Pa3HOCTEH AnA (PyHKUHM
— xIn® x MO ee 3HAYEHUAM, BBHIYUCIICHHBIM C TPEMs 3HAKAMH MOC/E 3aMSTOMN
proukax x; =0.4+0.2/, rne i = 0,1, ..., 10. B cootrercTBHHU ¢ PopMoii, 3ana-

pacmoil Tabm.8.4, 3anonHsem Ta61.8.5 BCEMH BO3MOMXHBIMH JUIA TOTO ciiydas

xoHEUHBIMY pazHoCTAMM. [Ipoananusupyem ee.

VUUTBIBAA CBA3L MEKIY KOHEUHBIMU PA3HOCTAMH W NMPOU3BOAHBIMH CO-
oTBETCTBYIOIIMX MOpsuKoB (cM. (8.21)), Ho cMeHe 3HAKOB 4HMCen B Cronbue
Ay; MOXHO CyQUTb O HATHYHH MHHHMYMA QYHKLMHM B OKPECTHOCTH TOUKH
y =1, a MONOKUTENLHOCT BCEX YHMCEN B CTONGUE A? y; FOBOPUT O BBIMYKNOCTH
sun3 rpaUKa NAHHOH (YHKUMM HAa BCEM PACCMATPHBAEMOM MPOMENKYT-
Ke [04,24 . :

Jlanee 3ameyaeM, 4TO aOCOJIOTHBIC BEJTHYUHBI KOHEYHBIX Pa3sHOCTEH
cHaYana yOBIBAIOT C YBENUYEHHEM HX MOPANKA, a 3aT€M HAYMHAIOT YBEJHYM-
gaThCi. OTO TUNHYHOE MOBEACHUE KOHEUHBIX Pa3HOCTEH MpPH OrpaHHUEH-
HOM TOUHOCTH 3aJIaHHs 3HAUEHHI CETOYHOM QyHKUHH.

[Tpupony Habmopaemoro B npumepe 8.3 moBeneHus mMomynei
KOHEHUHBIX Pa3HOCTEH HETPYAHO MOHsTh. ECNy mar JoCTaToOuHo Mal,
a manHas Tabyiuydnas QyHKIMS — QOCTATOYHO Iiajkas, TO CHayajia

\

NPOMCXOIHT ECTECTBEHHOE yObIBaHUE lAk yit C yBeJIHYEHUEM Kk, B CH-

ay ynoMsHyToi cBa3u (8.21). Korna sty BenM4YMHE! CTAHOBATCS 1OC-
TaTOYHO MasibiMK, OOJBLIYIO pOJNb HAYMHAIOT UrpaTh THPOAYKTHI
B3aUMOAEHCTBHSA UCXOQHBIX OIIMOOK OKPYIJEHUs (Tak HAa3bIBaeMbIH
WYM OKpy2neHuil).

YTO MPOUCXOAHT C OJHON OTIENLHO B3ATOH OLIMOKOH BENUUM-
Hbl £ Yy 3HAYEHUS y;, MOXHO mpocienuTs no 1abn.8.6. Kak sugnm, ¢

PoCTOM mopsaka a3HoCTeN OHa «pacroizacrcsa» 1o tabaune u YBE-
JTMYUBAETCA MO aDCONMOTHON BEJIMUHHE.

Tabnuua 8.6
IIpoosuscenue owubrxu no mabauye KOHeuHvIX pasHOCMel
Xi-2 | Yiea Ay, 4 5 Aty 4 +e
Ayis 5 ANy, _3+¢ "4
Yi-1 | yig Ay s +€ Aty;_3-4e
Ayi1+€ Nyip -3¢
oo yi+e ‘ Ay, -2¢ Aty +6e
N Ay;—¢ A3y,-_1+3g
1 Vi A"‘y, +& 3 A4y,~_1 -4¢
Ay; Nyi-¢&
X; i+l y
2| Vie2 Ky I Ay+e

e



[TorpeltHOCTH, UMEIOLIMECS Y KaXA0r0 U3 JaHHbIX 3HAYeHyj;
(hYHKIHH, C POCTOM TMOPsAKa pa3HOCTeH BCe OOJIbIIE B3aHMONEHCT.
BYIOT.

U3 caenadHbiX HaOJIOJCHUH HanpanMBaeTcs CASAyIOUWHH By
BoA. Ecnu kako#i-to cronbeu B Tabinue KOHEYHBIX PasHOCTEH (B ep
HKCTLITyaTHPYEeMOH 4acTH) COCTOUT U3 YHces, abCOMOTHBIE BENHYK Y,
KOTOPBIX COCTABJIAIOT BCETO HECKOJIBKO eAWHUL{ AECATHYHOIO 3Haka,
SABJIAIOLIENOCS MOCJTEAHUM B 3aNUCH UCXOMHbBIX 3HAYCHMH QYHKUMy,
CKaXxeM, He NPeBOCXOAST BeMuuuHbl 10 ¢, rae & — abcooTHas ro-
[PEIHOCTb HCXOAHBIX JaHHBIX, TO 3TH KOHEYHbIE Pa3HOCTH U Pa3sHo-
CTH BCEX MOCHECAYIOIHUX NMOPSIKOB HE HECYT MpPaKTHYECKH HHKAKoj
nHbopMauuu o QyHKLUMH, U UX HE ClelyeT MCIOJb30BaTh. PasHocTy
XK€ TPeIeCTBYIOIEro cTonbua Ha3biBalOTCA NPAKMUYECKU HOCHo-
AHHBIMU, U UX NOPSJOK OMPECIIseT CTeneHb MHOTOUNeHa, KOTopylo
MOJKHO ¥ JOJDKHO MCIIOJIb30BATh 715t UAEaIbHOH B JaHHBIX YCIOBHSX
MOJIMHOMHUANBHOH HHTEPIONALHUH.

BcenomuHas o TOM, 4TO MHOrousneH k-fi cTemeHd HMeeT k-g
Pa3HOCTH MOCTOSHHBIMH, @ BCE MOCIENYOLIHE — HYJIEBbIMH, TIPUXo-
IUM K 3aKJIIOUEHHUIO, 4TO ecau k-e pazHocmu madauyvl KOHeuHblx
PpasHocmei HeKkOMoOpPoU (YYHKYUU NPAKMUYECKYU NOCMOAHHbBL, MO 3Ma
Qyrryus eedem ceOs 6 pacCMampusaemo obaacmu, kaxk MHO2OUeH
k -ti cmenenu; 3Ty cTeneHb U ClEAYET MPUMEHSTDH U1l HHTEPIOJIUPO-
BaHus ¢ HAUOOJIbILEH A1 JaHHBIX peaiui TOYHOCTHIO.

O6patuMmcst K uucnoBol Tabn.8.5 Hawero npumepa. Buaum, yto ecnu
UCKJIIOUYHTbL U3 PACCMOTPEHUA BEPXHIOK [AMArOHAILHYI CTPOKY, TO AJis BCEH
OCTATHHOM 4acTH Tabnuubl TPeTbM Pa3sHOCTH YJOBJIETBOPAT  YC/OBHIO
’A3 y,,SlO-0.000S (rme 0.0005 — npenenbHas abcoMOTHas HOTPEIHOCTH

3HaueHHH y;). B Tako# cutyauuu pasHOCTU Oonee BBICOKMX MOPAAKOB He Cie-
AOBANO BOOOHIE BBIUHMCATH, @ Pa3HOCTH BTOPOTO MOPSAIKA MOXHO CUHTaTh
NIPaKTHYECKH TOCTOSHHBIMH, T.€. /IS MoAcyeTa MOObIX NPOMEXYTOUYHBIX 3Ha-
YeHUH NaHHOW (yHKUHMH, 32 HCKIIOUCHHEM, ObITh MOXKET, TEX, KOTOpPbIE HAX0-
OATC BONMU3U y3na xg = 0.4, HY)KHO NpPHMEHATb KBaJpaTHYHYIO HH:l‘epHOJIH'
LIUIO. ,

KOHEYHOPA3HOCTHBIE WHTEPHOJISLIMOHHBIE
DOOPMYJIbI

[lycts dyHkuust y = f(x) 3ajaHa Ha ceTke paBHOOTCTOALIMX
y3710B X; = xg +ikh, rae i=0,1, ..., n, u 1711 Hee HOCTPOEHA Tabnuld
KOHEYHBIX pazHocTeii 8.4.

B COOTBETCTBUH € TeM, 4TO ObLIO CKA3aHO O HampapjieHuH MO
AHQHKAUMN HHTEPIONSIMORKONR Gopmy bl Jlarparka B Hadane NPC”
AplAylero naparpada, 6yaem CTPOUThH HHTEPIONALMOHHBIH MHOTO



anett P, (x) B hopme
P, (x) = a +a1(x—x0)+a2(x~x0)(x—x1)+
e+ a, (= x0 Mx = xp)...(x = x,04).
Ero n+1 kosdduuuent ay, ay, ..., a, 6yaem HaxoauTh nociea0Ba-
TebHO U3 71 + | HHTEPNONSALUHOHHBIX PABEHCTB :
P, (x;)=y;, i=0,1..,n.

A HMeHHO, nosaras r i=0, Te. x=x3 B (8.23) umeem
P,(x0)=ag, a MO YCIOBHIO MHTEPNONALUH P,(x9)=yg; cnenosa-
TeNIBHO, A9 = Yo-

Hanee, npu i =1 aHaAoruyHo NoJly4aeM paBeHCTBO

ap + al(xl - Xg) = Y1
B KOTOPOC MOJCTABIAEM yXe HaHAEHHOE 3HayeHHe ag = y,. Pa3pe-

was 3T0 PaBEHCTBO OTHOCHTENBHO @ M MCIOJb3ys 0603HAYEHHE KO-
HEYHOH Pa3HOCTH, NOJyvaeM

(8.23)

_N—Yo Ay
a ===
xl—xo h

Caenyromwmii war, npu i =2, paer:
ag +ai(xy —xp)+ay(xy —xo My - x)) =y, &
A
y0+—h)—)—0--2h+az'2h'h:y2 ~

2
_Y2 =2ty Ay

as 3 = > (cM. (8.20) npu & =2).
. 2 21h
Mool MHxyKUMeH MOKHO MOKA3ATH CHpaBeATHBOCTS BBIPAKEHUS
i
A
4 == Vke{l2 .., n}. (8.24)
k'h
lHonctagnss  naiinennsie  kosdduiHenTs ag, aj, ..., a, B
(8.23), nonyuaem muorounen
Ayy Ay,
Pay(x) =y + (x=xp)+ (e = x)x = xp ) +...
h 2!h°
Aﬂ
S+ yg (x~xoXx-x))...(x = x,y), (8.25)

n'h
Koy .
Hblggflu Ha3biBaioT nepesim uumepno.fumuonnbw MHO20YIeHOM
OH(q,



YuuTeiBas, YTO Kaxjoe ciaraemoe MHoroujieHa (8.25), uayy.
Has CO BTOPOr'0, COACPIKUT MHOXHTENb X — X(, €CTECTBEHHO MPe/Io-
JIOXKHTh, YTO 3TOT MHOTOWJIEH Haubonee MPUCTIOCOOEH A UHTep-
NONMPOBAaHUS B OKPECTHOCTM y3na xo (NpH X, ONM3KHX K X,

f(x)~ yy). Bynem HaseiBaTh y3en X, 6aA306bIM JUlsi MHOTOYNeHa
(8.25), u ynpoctum (8.25) BBeleHHEM HOBOIl NEpeMEHHOH g paBen-

X=X
CTBOM ¢ = —h—o, WM (YTO TO XKe) PaBEHCTBOM X = xq + gh. Tak kak

npu obeix i € {0, 1, ..., n}
x—x; =xq +gh—xy —ih=h(qg-1i),

TO B pe3yJibTaTe NOACTaHOBKM 3THX pasHocTel B (8.25) nmpuxoaum k
nepeoii unmepnoaayuonnol gopmyne Hetomona 8 sune

f(x) = P,(xo +gh) = yo +qA y, +L(12'~L)A2J’0 +..

L 1)“,',(:] D wry,, (826
rie obosuavenne P,(x( + gh) yKa3biBaeT HE TOJIBKO HA /1 -K0 CTENEHb
MHOTOUJIEHA, HO U Ha 6a30BbIif y3en X U CBSI3b MEPEMEHHBIX X U .

IlepBas ¢opmyna HerotoHa (8.26) 0ObIUHO MpPHUMEHSIETCS NPH
3HAYEHUAX ]q <1, a HMEHHO, 011 ummepnorupoganus enepeo,
(npu x € (xg, x1), T.e. npu g € (0,1)) u sxcmpanoruposanus nazad
(npn x <xp, T.e. Ipu ¢ <0).

Tak Kak peanbHO CTEMEHH HHTEPIONANMOHHBIX MHOIOYJICHOB
OBIBAIOT HE TaK BEIUKH, B TO BPEeMs Kak TabMIbI 3HaueHul §yHKuui
JIOCTATOYHO OOIIMPHBI, U TaK KaK B peajibHOU YHCIOBOI TabnuLe HH-
KaKMX MHACKCOB — HOMEPOB y3710B HeT (CM., Hanpumep, NpUBEACH-
Hyro Bellue Tabn.8.5), To 3a Gazoselit ans hopmynsl (8.26) yzen Xg
MOXXHO NPUHUMATH y3es, Gawxaliuui K 3agaHHON (GUKCHpPOBAHHON
TOYKE X, €CJIM 3a HUM MMEETCS JOCTATOYHOE YHCIIO y3JOB And [0
CTPOEHHS HeoOXoaUMbIX 1nid (8.26) pasunocreit. [TockonsKy B nepBod
dopmyne HpiOTOHA UCTIONB3YIOTCS HUCXOASILME JUAroHany Tabuib!
KOHEYHBIX paszHocTeil (cM. Tab:.8.4), To Takoe cMelleHue y3na, NpH-
HUMaeMoro 3a 6a30Bblii, B KOHLE Tabyuibl OyJeT HenprueMIeMO.

V4er 31oro o0CTOSTENBCTBA NPUBOAUT K HOTPEGHOCTH B CHM-
METPHYHOH, B ONpPENeNeHHOM cMbicie, s (8.26) hopmyibl, KOTOPAR
6b11a 6b IPUTOAHOI /IS HHTEPIIOIUPOBAHUS B KOHLE TabauLbl. 11
3TOrO, B oTiIKM4Ke oT (8.23), dopMa HHTEPTIONALUOHHOTO MHOrowieHd
P, (x) Gepetcs Takoii, kOTopast NpeyCMaTpUBAET MooyepeaHoe MoA”
KJHOYEHHE Y3JI0B B 0OpAaTHOM MOPSJKE: CHavana IocjeIHuH, notoM




npeunocneaunﬁ U T.A., T.C.
Py(x)=ag +ay(x—x,)+ay(x—x, x—x,1)+...
vt a, (x=x, Kx=x,)...(x—x).

KoahdHLMEHTBI ag, ay, ..., @, 3TOTO MHOrO4/I€Ha HaXOAATCS aHaJlo-
[HYHO TOMY, KaK OHM HAXOAMIHUCh JJiS MHorodnesa (8.23), Tosbko

3€ch MOACTAHOBKA Y3JIOBBIX TOYEK BMECTO X H PAacCMOTPEHHE MH-
TepONIALHOHHBIX PABEHCTB IPOU3BOJHTCS TOXKE B 0OpAaTHOM MOpsiA-
xe. [loneras  x=x,, X=Xx,4,..., HMeeM:

.
Pn(xn):a() =VYn>
Yn " Vn-1 _ Ayna
Xn 7 Xp-1 h

Pn(xn—l):yn +a1(xn—l —x,,)=yn_1 = aq=

' Ayp-
Pn(xn—Z) =Y¥n +—7n‘_(xn—2 _xn)+02(xn—2 ‘xn)(xn—2 —xn—l) =Yn-2

2
Yn-2 ~Yn+t20y, _Jn —2Yp |+ Yn2 _ A"y, 2

= ay= = =
(xn—Z —Xp )(xn—Z _xn—l) —2h(=h) 2142
u T.1. B oOuem ciyyae
r k
aszy—"k_k Vke{l,2..,n}.
© kth

Taxum oOpazoM nonydaeM gmopol UHMEPNOAAUUOHH LI MHO-
20unen Hvromona

2
Ay, Ay, :
P(x)=y, +__yz'1~.l.(x—xn)+—2j'j;22 (x—x,)(x = x,_1)+...

Lot

AYo (x=x, Mx—x,1)-(x=x1), (827)
n'h"

B KOTOpom 6a30BbIM sABNSIETCS y3eN X,, U KO3DGUUUEHTHI KOTOPOro
OTpEAENsIOTCS: KOHEYHbIMU PA3HOCTSAMH, PACMONOKEHHBIMU HA BOC-
XOLswed ot y,, anaroHasy.

Honoxknum B (8.27) x =x, + gh, unade, BBeJEM HOBYIO nepe-

X=X,

MeHHyl0 g = 1 npeobpa3yeM Kk Hel Bxoxsiuine B (8.27) pasHo-

CTyu:

Y=X;=x,+qh—xq ~ih=xg +nh+qgh—xqy —ih=h(g+n-i).



B pesyjibTaTe NpUXOAUM KO 6mopoit UHMepPNONAUUOHHOU dopmyn,e
Hpyviomona Buna

+1) 2
f(x)an(xn +qh):yn +4qAyu1 +g£q-27_)A Yn-2t.-

. q(q +1)...('q +n DA”Y()- 828)
n!
Ee Takke Lenecoo6pa3HO HCHO/B30BaTh MPH 3HAYEHHSAX lql <1,
T.e. B OKDECTHOCTH y3ia X, O UHMEPNOAUPOSAHUR  Ha3a)
(npu q € (-1, 0)) u sxcmpanonuposanus enepeo (pu g > 0).

Hapszy ¢ BbIBeI€HHbIMH CIIELNANBHO ]l Hadala U KOHUA Tad-
JIHMLbI NEPBOH U BTOPOH MHTEPNONALHOHHBIMA popmynamu Hbtotona,
uMeeTcs elile HECKOIbKO GOpMyJI, PACCUUTAHHBIX HA UX NPUMEHCHKe
B LEHTPAJbHOH YaCTH TaONULbl M TOTOMY HA3bIBACMBIX UEHIMpANL-
HBIMU UHMEPNOTAYUOHHBIMU opmyramu. [Tpexxne, 4eM ompene-
NATh 3TH HOPMYJTbl, BBE/IEM TOHATHE HEHTPABHBIX pasHOCTeH.

Bynem cuuTath, 4TO y3e/1 Xg PacnojiOkKeH B CCPCAMHE Tabiu-
1bl, ¥ HYMepalus OCTalbHBIX y3/I0B POH3BOAUTCA, HATHHAAC C X,
¢ MCTIONBL30BAHUEM KAK [OJIOKUTENBHBIX, TaK H OTPHLATENbHbIX HH-
JEKCOB, T.€. CUMTAeM X; = Xg + ik, TAe [ = 0, 1, £2,.... Torna ues-
TpanibHas 4acTh TabMLbl KOHEYHBIX pasHocTell OyAeT NPOHHAEKCH-
poBaHa TaK, KaK 3TO 10Ka3aHo B T26:1.8.7. Bee NOJYEPKHYThIE B Heil
KOHEYHble PasHOCTH (HaXOAsiLHecs € Xg, Vo B OJIHOM CTpOKE W Ha
fIOJICTPOKH BBILLIE H HHXKE) HA3BIBAIOTCS YEHMPA/IbHBIMU PpazHocnAmu.

MHTepnonsLMOHHbIH MHOTOUNIEH HIIEM B dopme

P(x)=ay +a1(x—xo)+a2(x-xo)(x~x1)+
+as(x = x_ )(x = X0 )x—x1)+

tag(x - x_ Nx—x)x—x ) x~x2)+.., (829)
fmpeanosarawpollell nocTeneHHoe NOAKIIOYCHHE Y3708 X;. cHayana
npy i =0, 3arem npu i =1, NoToM Npu i=-14T.L, T.e ¢ ABYX CT0°

pos ot x.Tlpu atom 3aeck U fanee He Oynem duxcuposars cTencH!
MHOTOUNICHOB M He ByJeM CTPEMHMTbCS BBITMCHIBATH OOMIAE K, TeM
Gosee, NOCIEAHNE YIEHbl TAKHX MHOrouseHoB. Kak u B rpeAbL Ay Lt
cnyuasix, koddduimentsl ap (k=0,1,2, ...) Haxogum OIHH 3
APYTHM TI0C/Ie/0BaTe bHOM TI0CTAHOBKOH B P(x) u B unTepnofll
oHHble paBeHcTBa P(x;)= y; 3HaueHuit x = xg, X, X1, X2, ¥-2

2 3 4
o Ay ANy, Ay Ay
ap = Yo 4 —T, a = 1R y a4z = NPE y a4 = 4!}14

e€
N T.1. BBels HOBYIO NIEPEMEHHYIO g = 1 BhIpasuB 4epe3 "



pasHOCTH X ~ X; = h(q—~1i) nns Bcex i=0,£1, £2, ..., B pe3yibTare
[0ACTaHOBKH 3TUX pa3HOCTEH W BbipaxeHUil k03P PHuIiHeHTOB B 11ad-
goH (8.29), NpuxomUM K hepeoid UHMEPNONAUUOHHOU (opmyie

Taycca:
_ -1
f(x)= P(xg +gh)= yo +qA yg +2(—(127-2A2y—1 +
+1 -1 +1 -1Xg -2
+(q )361'(61 ) My N )q(q4' Xg-2) Ay b (830)

3anMCaHHble ClaraeMbie JIETKO JOMOHHTb CHEAYIOUIMMH, €ciu
3HaTh, 4TO B 3TOH (POpMYJE HCIONB3YIOTCS HHKHHE LEHTPANbHbIE
pasHOCTH BCE BO3PACTAIOWHX TOPAAKOB, T.€. T€, KOTOPblE MORYEPK-
HyTbi B Ta0J1.8.7 CIIOIIHON YEPTOH.

Ta6nanuua 8.7
Tabauya yenmpanvivix pasnocmeii
—
4 6
X | Vi Ay Azyi A3)’i Ay, AS)’;‘ Ay;
X_31¥Y-3
Ay_3
X2 Y2 A%y 5
LS Ny
Xl yo Ay 3 A’y ;3 p
_A_le 2 _A__y_':g_ 4 A y‘"3 6
X0 | Yo A"y, ; Ay p Ay_3
Ayy == Ny, —— Ay
X N Az yo 3 A4y_1
T Ay A yo
T A»2
X3
T
]

(1o CoBepuuienno ananornuHo, NoAKIOUAs y3/ibl B APYTOM MOPSAAKE
Cle x( cHayana npemwecTByOmMil, 3aTeM NOCHEAYIOWHH H T.4.,



T.. Xg, X_1, X}, X_2, ...), MOXHO NOCTPOUTH 6MOPYI0 UHMEPNON,.
uuonnyro opmyay I'aycca
+1
(g+1)q Ay

S(x)= Plxo +gh)=yo +qAy + = = Ay +
N );(q )3y, + Y )(q4')q(q Iy 4., 831)

UCTIONB3YIONIYI0O BEPXHUE LEHTpalbHble PAa3HOCTH (MOAYEPKHy-
Thie B Ta01.8.7 NyHKTUPHOH NUHKE]).

Hutepnonsiunonssie dopmyisl ['aycca ciayxar nony abpuka-
Tamu A7 nonydeHus Gonee CHMMETPHUHBIX, MCTIONB3YIOWMX Bce
LEHTPaJIbHbIE PA3HOCTH HHTEPIONALNOHHBIX GOPMY L.

Tak, noaycymma nepBoro ¥ BTOPOro HHTEPHOJSIMOHHBIX MHO-
rounexos [aycca rnocse npeobpa3oBaHuii PUBOIMT K OpMyIie

Ay +A 2
ya+hyo 9”0
2!
2 3 3 2( 2
~1) A A -
Q(q 1). yat&y, 4 (q 1)A4y_2+...
3! 2 41
HA3LIBAEMOI UHMEPRONAUUOHHOT opmyroi Cmuprunza
Eciy e B3STb NONYCYMMY BTOPOrO MHTEPIMOMSLUOHHOTO MHO-

rounena [aycca u Takoro »e MHOFOUIeHa, HO ¢ HWKHUMH HH]CKCE-
MH, YBEJIUYEHHLIMH HA CAWHHULY (r.e. ¢ 06a30BOH TOYKOH x| BME-

Flx)= Ps(xg +gh)=yo +q yop+

+ , (8.32)

CTO Xg), TO IPHAEM K unmepnoniauuorHoil hopmyae beccenn

+ 1
7= Palsg +ah) =222 (g Tayy +

2
1
1y A2 2 (q“)q(q—l)
L2g-1) Aya+8y 7 2 My +
2! 2 3!
4 4
. q(q—l)(q; Ng-2) Ayva+Aya . (83))
! 2

B nocneaHeii ¢gopmyie obpaiaeT Ha cebs BHUMaHKue TOT haKT:
YTO OHA CHJIBHO YMPOCTHTCH, €Cld B HEe MNOACTaBUTDH 3yaueHHe

1 Ll
=3 COOTBETCTBYIOIEE 3HAYEHUIO ApryMeHTa x:E(XO +x1):



10T YaCTHBIH cnydail hopmysel beccens Ha3biBAOT @opmynol un-
MeproUPOSanUA HA Cepeouny:

2 2
f[xo +x1)~ Yoty 1 Ay +A7y
2 2 8 2
: 4
L3 Ay +a'y B

128 2 o

Hrak, eciu mouka x, 8 KOMOPOU HYHCHO HAUMU NPUOLUNCEHHOE
snauenue mabnuuHo 3adannou Gynxkyuu f(x), Haxooumes 6 Havane
w6 KOHYe mabauybl, NPUMEHACMCS COOMBEMCMEEHHO Nepeas
(8.26) unu émopas (8.28) gopmyner Heromona ¢ maxum ewibopom 6a-
30801 MOUKU, 4mMobbl sHauenue |g| Gvlro kax moxcHo menvuwe. Ecnu

moyka X HAxXo0umcs 6 cepedune mabiuyvl, mo 6ce20a MOJICHO 3a-
PuKCupoBamy MOUKY X 6 Mabnuye yeHMpanibHbIX pA3HOCMEl Mak,

(8.34)

X—X
umobwl q = == 4ubo 6wino no mooymo menvute 0.25 u mozoa npu-

MeHsMb UHMePnoAAYUoHHYI0 opmyny C mup)zuuea (8.32), aub0o umo-
6w q € [0.25, 0.75] u ucnonvzoseame ghopmyny beccens (8.33).

Mpumep 8.4. [Mycts Tpebyercs nns dyuxkuuu y = f(x), 3amaHHOH B
npumepe 8.3 TabnuLei HECKONBKMUX CBOUX 3HAUEHHW C TPeMs 3HaKaMu Nocie
jansToi, Haiith  npubmkeHHsie  3Hauenus:  a) f£(0.5); 6) f(1.22);
8) f(1.5); 1) £(1.94); 1) f(2.5), 3anucaB npeBapUTENBHO COOTBETCT-
BYIOIUME KKAOMY CIYYaKO0 HHTEPIONSALMOHHBIE HOPMYJIBL.

Jlns pewrenus MOCTaBNEHHOH 3ajauM yuHTsIBaeM, YTO 3HaueHus f(x)
3agaHel B mpuMepe 8.3 Ha CeTKE PAaBHOOTCTOSIIMX Y3J0B, NOITOMY
31€Ck MOXKHO MPUMEHUTL KOHEUHOPA3HOCTHYIO WHTEproNsLHo. [Ipu 3TOM Gy-
ACM MONB3OBATECA YK€ COCTABIEHHON Tabn.8.5 KOHEUHBIX pPa3HOCTEH U NpoBe-
ICHHBLIM paHee ee aHAIH30M Ha BBIIBJIEHHE ONTHMANBLHON CTENEHH MHOTOYJIE-
Ha. Jlns ciyvae 6-1 (UKCHpYeM BTOpYIO CTeNeHb, Al a — TpeThio. B
kaknom ciyuae, T.e. ANA KOHKPETHONO 3HAYEHWs APTyMEHTa, BHIGHpaeM 6a3o-
BLIH y3en, moacuMTHIBaEM 3HAUEHHE BCTIOMOTATENLHOM NepeMeHHOM g M, B 32a-
BHCHMOCTH OT NoNoXkeHHs Ga30BOrO y3ia U 3HAYECHUS ¢, MIOb3YACH npeacTae-
TEHHBIMK B Ta6n.8.5 YHUCJIAMHM, 3aNHCHIBAEM TPeOyeMYI0 MHTEPNOSUHOHHYIO

OPMyity. TloncTaHoBKa B Hee 3HAYEHHA ¢ NMPHBOAMT K MCKOMOMY 3HAYeHHIO
x).

a) IMpu x=0.5 (nauano Tabamupbl) nosaraem x =0.4; ToOrda
g=X7X _ 0.5—().4_05 C

h - o5 = 0.5. CootseTcTBYyIONIYIO HHTEPNIONALUOHHYIO GOpMY-
R’H;‘gﬂﬂ annpokcumanun f(x) npn x=0.4+0.2q c ge(-1,1) 3anuceiBaem,

a NMEPRYIO MHTEPNOJALMOHHYIO hopmy.ry HetoToHa (8.26) n Ta6.8.5:

0.062 0.015
glg -1+ qlg -1Xg - 2).

YO P3(0.4+0.2)=0.336 ~ 0.179¢ +



OTClOlIa noJjrly4yacM HCKOMOE 3HAYCHHE
£(0.5) ~ A,(0.4+0.2-0.5) = 0.336-0.179-0.5+0.031-0.5- (= 0.5) +
+0.0025-0.5- (= 0.5)- (~ 1.5) ~ 0.336—0.0895—0.0078+ 0.0009~ 0.24(,

6) Touka x =1.22 HaxomuTCs B cpeAHeit yacTu Tabnuusl. [lodToMy 3ecy
nenecoobpazno mnpumenuts (opmyny Crupnusra wnu beccens. Ilonarag

x—x9 122-12

0.2
Crupnuura (8.32), koTopas B JaHHOM ClTy4ae UMEET BH]l

0.040+0.119  0.079 »
q+ 2 q

xg =12 v Haliad g = =0.1; ocraHaBnMBaeMcs Ha GOpMyne

F(x)~ Pg(1.2+0.2¢) = 0.040 +

U npH g = 0.1 NPUBOJHT K HCKOMOMY 3Ha4eHHIO
£(1.22)~0.040 + 0.0080 + 0.0004 =~ 0.0483 .

B) 3nech, OYEBHAHO, HanpalllMBaeTCs NpUMeHeHHe ¢opMmynsl (8.34)
HHTEPNoNUpOBaHUs Ha cepeanHy. [Tonaras xy =1.4, x; =1.6, umeem:

0.159+0.353 1 0.075+0.075
f(.35)= -=-

2 8 2

r) naas Ha nosnokeHde Touyku x =1.94 B 3amaHHoO#t CHCTEME Y3ioB
Tabn.8.5, Buaum, yto 1s BeiurcneHus f(1.94) Takke BOZMOXHO NPUMEHEHHUE

HEHTPAILHBIX HHTEPIIOMALMOHHBIX dopmylt. TTonoxkus xg =1.8 4 BbIYHCIHB
_x—-xp 194-18

=~ 0.256 — 0.0094 ~ 0.247.

P 02 =0.7, Ha ocHoBe (8.33) 3anUCHIBAEM HUHTEPMOIALUOH-
Hyto popmy.ty Beccens
0.070+0.068 g(g-1)

+033%g-0.5)+
Ag-0.5) > 5

f(x)= Pg(1.8+0.2g)=

W3 nee nonyuaem
f(1.94)= Pg(1.8+0.2-0.7) = 0.7915 + 0.0678 - 0.0072 = 0.852.
1) Touka x =2.5 pacnonoxeda 3a NOCHECAHMM Y3/IOM, NO3TOMY 1S IKC-
TpanonAuuu f{x) 34eCh OAHO3HAYHO CJIEAYET NPHMEHHUTh BTOPYIO HHTEPIIOA-
uuoHHY10 ¢opmysty Helotona (8.28). CuMras x, =2.4 (MHOeKc n 31eCb HC-

NONB3YETCH YCNOBHO, 6€3 NPHAaHH €My KOHKPETHOIO 3HAYEHHs ), 3a1ChIBAEM
$hopMyJTy IKCTpanoALUH

0.622+0.961
2

F(x)= P(2.4+0.29)=1.840+0.472g + 0'265 qlg+1),

XXy 25-24 0.5 HaxoouM
h 0.2

f(25)~ P(24+0.2-0.5)~1.840 + 0.236 + 0.0244 ~ 2.100.

OTKyJa NpH ¢ =



