3AJAYA U CIIOCOBbI ATHTPOKCHMAIIMHA
OYHKIIMHU

B ocHOBe OONBILMHCTBA YHCACHHBIX METOI0B MAaTEMATHYECKOIO
aHanM3a NeXUT rnoaMeHa onHod ¢dyHkunu f(x) (M3BeCTHOM, HEH3-
BECTHOM MM YaCTMYHO M3BECTHOI) apyroil ¢yHkuueit ¢(x), 6113~
koit k f(x) u obnanarolleli «XOpOWIHMU» CBOWCTBAMYU, MMO3BOJIAN-
ILMMH JIEFKO MPOM3BOAMTE Hajl HEIO Te WK HHble aHATUTHYECKHE WK
BBIYMCIUTENbHBIE Onepauuu. byleM Ha3biBaTh Takyro MOAMEHY af-
npoxcwnauueﬁ*) WIM T[POCTO mpubnudcenuem oGysxuud f (*)
dynkuueit @(x). [Ins Toro, 4ytoGsl MOCTPOMTH KaKylO-TO pasyMHYH®
TEOPHIO TaKUX MPUOIMKEHHH H MPEASIOKUTH KOHKPETHbIE cniocod®!
NMONyuYeHHs anmpoKCHMUpYIOWMX QyHKUui @ (x) mo 3anaHHbM TEM

i

*

- ¢
) Yacto TepMHMH «anfpokcuMalius GYHKUMI» Hcroas3yerca B oon®
Y3KOM CMBICJI€, YEM ITO MPHHUMAETCS 31ECh.



M MHBIM 00pa3oM annpokcuMHpyeMbiM yHKuusM f(x), npeasa-
pHTEJIbHO CNIeNyeT OTBETHTS Ha PAl BONPOCOB.

1) Ymo useecmno o gynxyuu f(x)? 3agana 11 OHa CBOMM aHa-
JUTHYECKUM BbIp&)XEHUEM MM Tabnuued CBOMX 3HaueHMH, KaKoBa
cTeneHb €€ TIAJKOCTH M JOCTYMHB! JIM 3HaYEHHs €€ MPOU3BOAHBIX,
xaK pacriojIOXKeHbl TOYKHM B MHTEpecyollell uacTH obnacti onpene-
senns f(x), TAe U3BECTHBI ee 3HAYEHHS, ¥ MOXHO JIM MX 3a/1aBarh 110
cBOEMY YCMOTPEHHIO, U T.1I.

2) Kaxomy wxnaccy (cemeiicmsy) ¢pymiyuii doadxcna npunaone-
acamv GyHryus @(x)? Kakue gonoiHutesbHble TpeOOBaHUS NMpeNb-
qBAAI0TCS K @ (X), BBIOEIISIIOIIME €€ M3 3a/laHHOro knacca?

3) Ymo nonumame nod bauzocmoio mexcoy f(x) u @(x); una-
ye, KaKOU NPUHAMb Kpumepuu cozaacus medxcoy numu? I'opops s3bl-
koM (QYHKUHOHATBHOrO aHalu3a, MO MeTpHke KaKoro NpOCTPaHCTBA
JOTKHO OBITh MajbIM paccTosiHie Mexay f(x) u ¢(x) ? :

Kak BuauMm, 3amada annpokcumaunu ¢yHkuuu f(x) dyHkum-
eil ¢ (x) COCTONT B MOCTPOEHHH ISt 3a1aHHOH QyHKUMU f(x) Takol

dyukuud @(x), 4TO
fx)=epx), (8.1)

npUyeM JieBas 4acTh NPUONIMIKEHHOro paBeHcTBa (8.1) momkHa OBITH
o0ycJloBJIeHa OTBETAMH Ha BONPOCHI MEpBOH FpyNMbl, TMpaBasi 4acth
— BTOpOI#i IpyMIisl, a OTBET Ha BONPOC 3) MOJDKEH YTOYHUTH 3Haue-
Hue cBs3bIBatoLIero f(x) u ¢(x) cumMBona «=» .

ITpexne Bcero, onpeneauMcs ¢ OTBETOM Ha BTOpoit Bonpoc. Jo-
20BOPUMCSL. UCNONIb308aAMb G Kavecmeae AnnpoKCUMupyrowux d)yHK-
yuti p(x) Moabko MHO20UAEHb UNU PYHKYUU, COCTABIEHHbIE U3 MHO-

*
204nen08 ); B TaKOM cilyyae OyZJeM TFOBOPUTb O MOJUHOMUATBHOU
AnnpOKCUMAYUU VW KPCOYHO-NOTUHOMUAIBLHOU ANNPOKCUMAUUU
COOTBETCTBEHHO.
[lo cpaBHeHHIO ¢ ApyrumMu cemelcTBaMHi GyHKLUMM, NPHUIOAHBIX
Al TOCTPOEHUS TEOPUH TPUOMMKEHHUH, HaNpUMep, TaKUX, KaKk TPH-
TOHOMEeTpUYeCcKHe MM MoKazarelbHble (YHKUHH, PalUUOHATbHbIE
YHKUWM MM Beruieckd [18], nns BBIYMCIMTENBHOH MaTeMaTHKH
MHOrO4YjIeHbl NPUBJIEKATENLHBI TEM, YTO OHH SBASIOTCS JIMHEHHBIMH
YHKUMSIMM CBOUX mapameTpoB (KO3 PUUHEHTOB), ¥ UX BLIYUCIICHHE
CBOLUTCS K BBINOJHEHHIO KOHEYHOTO YHCHa MPOCTEHIIMX apudmetu-
9ECKHX oneparmii — CIOKEHHS H yMHOXEHHSI.
bynem cuurats, uto annpokcumauns dyskuuu f(x) nponsso-

AUTCA C MOMOLLBIO MHOrouneHoB crenedu ne Ny. Torma B 3aBucy.
MOCTH OT BBIGOPA KPUTEPHS COTIACHs H, B YaCTHOCTH, OT KOJIHYECTRy
mouex coenacoeanus f(x) ¢ ¢(x) (Oyaem HasbiBaTh MX y3namu)
T.€. TOYEK, B KOTOPbIX M3BeCTHA MHdopmauus o6 f(x) W, BO3MOXHo,

€€ NPOU3BOAHBIX, MOXKHO paCCMOTPETH Pa3HbI€ KOHKPETHBIEC CIIOCO0;
afmnpoKCUMaLMHU.



WHTEPIIOJSIIIMOHHBI MHOT OYWIEH
JIATPAHXA

[TycTh B TOYKAX X(, X|, ..., X, TAKHX, 4T0 a <Xy <...< X, <b,
438eCTHBI 3HaueHus QyHKuun y = f(x), T.e. Ha oTpe3ke [a, b] 3anana
mabauunan (cemo4nan) yHkuua

x Exolxl|....xn
(x): . 8.2
/ yiyolml.»n 82
OyHKuHA @(x) Ha3bIBAETCS HHMEPROAUpYIOWelt WU UHmep-

ponauuonnoit 1na  f(x) na [a,b], ecim ee 3HAuEHHS
o(xo) @(x1), - ¢(x,) B 3aaHHBIX TOUKAX Xy, X|, ..., X,, Ha3blBae-
MbIX Y31AMU UHMEPRONAYUU, COBNIAMIAIOT C 3aAaHHBIMHI 3HAYEHHUIMHU

pyukunn f(x), T€. € Yo, V1o Yn COOTBETCTBEHHO ). I'eomeTpu-
yeckd (PAKT HHTEPrONMpOBaHHUsS O3HAYAET, 4YTO rpaduK QyHKLHH
@(x) TMPOXONMT TaK, 4TO, 10 MEHbIUEH MEpE, B 1 +1 3aaHHbBIX TOY-
kax OH TIepeceKaeT Wik KacaeTcs rpaduka GyHKUud f(x) (puc.8.1).

y=fx)
L yEelx)
‘ b >
ax, X X, X X, X, b

Puc.8.1. leomempuueckas unmepnpemayus 3a0a4i UHMepROAUPOBAHUA

Jlerko nmpeAcTaBUTh, YTO TakMX rpadukoB ¢ (x), MPOXOAALINX
Yepes 3afjaHHbIe TOYKH, MOXKHO M300pa3HTb CKONbKO YTOJHO, U OHH
MOTYT oTauyaThes oT rpaduka f(x) CKOb YLOAHO CHIBHO, ECNH HE
HaknaapiBaTh HA @ (x) B f(x) onpeaeneHHbIX OrpaHHUYEHHUH.

*
) JlatuHcKOe COBO interpolatio nepeBOAMTCS Kak OOHOBNEHHE, HM3MeE-
HeHue, nepemenka. O6LIYHO TEPMUH UHMEPROAAULUA (MK UHAYe, UHmMepno-
’:;floeauue) 03HAYAeT MpP O eCC NOCTPOEHHS WHTEPONAUHOHHON DYyHKUHM
TPOLIECC HAXOXKAEHHS MPOMEXYTOUHBIX 3HAYCHHH TAOMMUHOH (YHKUMH.
Co:’r(;epmuu BBeNeH B 1656 rody aHMIMACKMM MaTeMaTHKOM J[KOHOM Bannu-
Hue o%nnucom, 1616-1703 rr.); KCTaTH OTMETHM, 4YTO FOJOM paHbLIE OH BBE

WEeNPHHATBIH CHMBOJI GECKOHEYHOCTH () [199].



B cooTBETCTBUM C JOTOBOPEHHOCTBIO MpPEAbIAyLIEro naparpaga
6yaeM CYHTAaTh, 4TO UHTEPNONAUHOHHAA GyHKunA @ (X) ecTs MHOro-
yjaeH crenewd n. Toraa 3agada MHTEPMNOJSUMH, TOYHEE, MOJMHO-
MHaNbHOM, anreOpauvyeckor HIJIM NapabonHyecKod HHTEPIOJIALHY
(mockonbKy rpaduk mOGOro MHOrOWIeHa Ha3biBAlOT Mapabonoi)
dbopMyaUpyeTCs Tak:

ona gynxyuu f(x), 3a0annou mabnuyei (8.2), naumu muozo-

unen P,(x) makou, umo 8binoIHAEMCA COBOKYNHOCMb YCA08UI

unmepnonayuu
P,(x)=y; Yie{01, .., n}. (8.3)

Haiitu MHorouneH FB,(x) — 3TO 3HAYMT, YUMTbIBas €r0 KaHO-

HUYECKYIO hopmy

P,(x)=qg +alx+azx2 +...+a,x", (8.4)
HallTH ero n+1 xo3pduUHEHT ag, ay, ..., @,. A ITOrO HMEETCs Kak
pas n+1 ycnosue (8.3). Takum obpaszom, utoObl MHOTOUYNIEH (8.4)
6bUT MHTEPNOASUHOHHBIM A5 GyHKUHHU (8.2), HYKHO, 4TOOBI €ro Ko-
JbduuMenTE! ag, @y, ..., @, YAOBIETBOPAIH CHCTEME ypaBHEeHHUH

ag +ayxg +ayxd ...+ apxf = o,
ay +alx1+a2x|2+...+a,,x1" =V

ap +a1xn+a2x3 +...+anx,',’ =Yn -

U3 kypca anreGpsl H3BECTHO, YTO ONPEEAHTENb ITOH TUHERHOH CHC-
TeMbl (TaK Ha3bIBaEMbIH OnpefennTens BaHAEPMOHAA) OTJIIHYEH OT
HyJ, T.e. pellieHHe 3TOH CHCTEeMbI CYLIECTBYET M eAMHCTBeHHO. Of-
HAKO MPaKTHYECKOE MOCTPOCHUE HHTEPMOISLMOHHOIO MHOro4/eHa
TakuM nyTeM manodbdextuBHo. [ToaTomy uzbepeM aApyroi myTh.
ByzaeM CTpouTh MHOrouseH n-it crenenu L,(x) B BAfe nuHei-

n
HoM KomOuHauun Y c;/;(x) MHOrouneHos n-it e crenenn /(¥)
i=0 .
(i=0,1,...,n) ) Jins Toro, 4ToObl TaKOW MHOrouleH Obli HHTEP"
nonsuMoHHbIM Ui Gynkumm  f(x), noctatouso 3aduxcuposark B
KauecTse k03QULUMEHTOB ¢; ITOH JHHEHHOH KOMOHHALUH 3a/1aHHbI®
B Ta61.8.2 3Hauenus y; = f(x;), a OT Ga3UCHBIX MHOIOUYJICHOB 5i(x)

* . b
B OT/HYME OT OBLUENPHHATHIX U1 MHOTOYIEHOB 0003HaueHUH, 31€C

HHAEKC y /;(x) MOKa3bIBAET HE CTElEHb, 2 HOMEP MHOrouJieHa ot 0 1o 1.



oTpe6OBaTh BHINOIHEHHS yCIIOBHS

O0,ecnu j %=1
Ii(xj):aij :z{l ecly j =1i

B TaKOM ClIy4ac IJisi MHOTO4JICHa

L(x)= zo Y ()

Vj,ie{01,...,n}. (8.5)

p kaxaoM yane x; (j€{0,1,...,n}), B cuny (8.5), cnpasenuso
Ln(xj)=10(xj)y0+"'+lj—l(xj))’j~l +1j(xj)yj +1j+1(xj)yj+1+...
~-+ln(xj)yn =0+ .. +0+y;+0+ ... +0=y,;,

1.e. BBIMTOJIHAKOTCS YCIOBUS MHTepnossuuu (8.3).
Uto6bl KOHKPETH3HPOBaTh OasucHble MHOrouseHst j(x), yd-

TeM, YTO OHM [TOJDKHBI YIOBJETBOPATH ycnoBusiM (8.5). PaBeHCTBO
HyIO [-TO MHOrOY/i€Ha BO BCEX Y3/aX, KPOME i-TO, O3HAYAET, YTO
I;(x) MOXHO 3anucaTh B BUJE

li(x)= Ai(x = xg)...(x = x; )(x = Xp4) - (x = X)),
a k03 GUUMEHT A4; ITOro MPEACTaBICHHS JIEFKO MOMY4aeTcs U3 Co-
pepxamerocs B (8.5) Tpebosanus /;(x;)=1. [loactaenss B BbIpaxe-
nue [;(x) 3Ha4YeHHe x =X; U NMPUPABHUBAS pe3ybTaT €AMHHUUE, MO-
nydaeM
1
(x; = x0)---(x; _xi—l)(xi = Xi41)-- (%~ x,)

Taxum o6pa3oMm, 6asuchsie mHozounenst Jlazpansica MMEOT

Ai:

BUA

() Emxo)x—xp) . (- X X =X)L (X - X))

Il (x) - ]
(e = x0 0o = xp) - (3 = X N = X)) - (37 = x)

3 HCKOMBIit uHmMepnoaayuonHbLE MHOZOYeH Jlazpandica ecTh

L(x)=% _=x0) . (-x ) - xp4) .. (= %)
® :E)(xi_xo)---(xi‘xi-l)(xi—X,‘+1)-~(xi‘xn)

o 3amerum, uto wucaumens, Gueypupyiowuii € 3anucu i-eo cia-
e - 4
. M020 L,(x) Opo6u, npedcmasasem coboii npousgedeHue pasHo-
Mmey; . .

U MeNCOy nepemennoli x u 6cemu ynamu, Kpome i-20, a 3Hame-

Ham o )
oc €l — npouseedenue paznocmeii mMexcdy i-m Y3OM U 6cemu
Manenbiry,,

Vi- (86)



B kayecTBe NpUMepa 3anulieM UHTEPTOALHOHHbBIE MHOTOUIe.
Hel JlarpaHyka nepBoii U BTOPO#i CTeneHH .
lpu n=1 undopmauns 06 uHTepnoiupyeMor GyHKUuK
y = f(x) cocpenotouena B 1ByxX Toukax: (xg;yo) ¥ (x1;¥1). MHoro.
uned Jlarpanka B 3TOM Cilydae COCTaBIAETCA C MOMOLUBIO ABYX Ga.
3UCHBIX MHOTOUNIeHOB niepBoit cTenenu (1 o(x) 1 [(x)) n umeeT Bug
X —Xq X=X

Li(x) = Yo + - (8.7
Xp — X} X] — X

[lpu n =2 no TpexToye4HOH Tabnuue
X Xg | X1 | X2
feo: ]
yvivolnl»
MOXHO oGpasoBaTh TpH Oasucublx MHorouneHa (lo(x), Iy(x) w
[5(x)) M, COOTBETCTBEHHO, MHTEPTIONAUMOHHBIH MHOrouwien Jla-
rpaH)xa BTOPOH CTENEHH
L) = (x —x)(x - %) - (x = Xo)x—x3) i+
(xo —x)x0 =%2) " (= xo)xm —x2)
(X—XO)(X—XI) 8.8
Y2 (8.8)
(x2 = x9)x2 = x1)

[TpubnuxeHHbIE paBEHCTBA

f@=L(x) w f(x)=Ly(x)

HA3bIBAIOT COOTBETCTBEHHO (POPMYNaMu NUHEHHON 1 Keaopamud-
Ho#l unmepnoaayuu. TeoMeTPHYECKU OHH O3HAYAlOT MOJAMEHY rpa-
duka pyHKuMK y = f(x) Ha HekoTopom oTpeske [a, b] ocu aGeunce,
COZIEPXKALLIEM TOYKH Xg, X| B NIEPBOM U Xp, X], X7 BO BTOpOM CiyHd”
X, COOTBETCTBYIOIIUMH Y4YacTKaMH MPAMOH JIHHHU U KBazpaTHHO#
napabosbl, NMpOXOAAIIHX Yepe3 3aJaHHbIE TOYKH KOOpAHHATHOH
TUIOCKOCTH.

Takas npocreilias MHTEPNOASUHUS IWHPOKO NPHMEHANACH npH
COCTABJICHMH Pa3NM4HbIX TabNHL 3HAUYCHHH QyHKUHH A0S UX nono’t-
HEHHS TPOMEXYTOUYHbIMH 3HAYEHUAMH (4TO M SBISIOCH OCHOBHOH
3ajaueil HUTEPNONALUMM Ha paHHEH CTaJuu pasBHUTHA BLIUMCIHTE”
HOM MareMaruk#). B cBA3M ¢ 3THUM, 3aMeTMM, YTO HHOTIa TepMHHY
unmepnonsyus NpPOTHBOMOCTABJISETCS TEPMHUH IKCMpanonAuus.- -
TAaKMX CJIyYasx peub WIAET O TOM, YTO N0 HHTEPTONALHEH noanMaeTﬁ
Csl HaxoXJeHHe MPOMEXYTOYHBIX 3HaueHHH TaONHYHO 3azatio



(yHKLUHH CTPOrO BHYTPW Tabiuupl, TOraa xak 31<c1‘panonﬂunﬂ*)
peANoNaraeT WCMONb30BAHHE MHTEPIOJAUKOHHOIO MHOIOUJIEHa,
[IOCTPOEHHOrO N0 3HaueHUsIM QYHKUMU f(X) B TOUKAX X, X, ..., Xp,
JIsl HAXOX/IEHHs €€ NPUONMKEHHbIX 3HAYEHHMH 3a fpeaenamu
npoMexyTKa [xg, X, ].

BepHeMCsl K M3yYEHWIO MHTEPNONSHHOHHOrO MHorounesa Jla-
rpatka (8.6). .

[ToxkaxxeM ero eaMHCcTBEHHOCTHL (OT mpotuBHOro). [lpexmo-
fOXKUM, 4TO Hapsay ¢ L,(x) umeercs opyrod MHOrouYsieH n-i ctene-
nn O, (x), pelatowuii Ty xe 3aady UHTEPIONALUMH, T.e. YAOBIETBO-
pAIOILUH YCIOBUSM HHTEpHOsAUAY ThNa (8.3):

0,(x)=y; Vie{0,1,..,n}.
O6pasyeM HOBBIH MHOro4eH kak pasHocts Mexay L,(x) u Q,(x).
ot MHorouned F,(x)=L,(x)— Q,(x) umeer crenexb He Bbilue n

u BO Bcex n+1 y3max xg, Xj, ..., X, OOpalaeTcs B Hyjb, B CHJIy pa-
peHcTBa 3HavyeHud Q,(x;) u L, (x;) oanum 1 teM xe unucnam y;. [lo-
Ay4yaeTcs, 4TO TOYKH Xg, X|,..., X, CIYXKAT KOPHSIMH MHOrodje-

Ha P,(x). Ho mno crneactsuio M3 OCHOBHOM TeOpeMbl anredpel
MHOrouneHoB P, (x) He MoxeT umets Gonee n kopHei. [lonyueHHoe
NPOTUBOPEUHE O3HAYaeT, 4To MHOrounenst O,(x) u L,(x) ROmMKHbI

MONHOCTBIO COBHAJaTh, T.€. NO 3a0aHHLIM N+ 1 3HaueHusM QyHKyuu
MOJHCHO ROCMPOUMb eOUHCMBEEHHBIU UHMEPNONAYUOHHBLIE MHO2OUNEH.

IMycte ans nanHoit GyHKuuM f(x) MHTEPNOASUMOHHBIH MHOrO-
uned L,(x) nocTpoeH, T.e. ans NPUOJIMKEHHOTO TNpPEACTaBJIEHHS
bynkunn f(x) Ha otpeske [a, b]2[xg,x,] npumensercs unmepno-
nAYyuonnan popmyna

‘ f(x)= L,(x). (8.9
EctecrBenno Bcraer Borpoc: kakoBa MOrpemHOCTs TAKOro NpubIM-
CHHOro paseHcTBa? MHaue, cKONb BEJNMKO MOXET ObiTh paszjiniue
MEX1y 3HaueHus MM HHTepronupyeMoii ¢yHkuun f(x) ¥ cOOTBETCT-
BYIOLMMK 3HAYCHUSAMHM MHTEPHOISLMOHHOrO MHOToueHa Jlarparxa
fn(x)) B TOYKaxX OTpeska [a, b], HE COBMAAOMIKMX C y3NOBBIMH TOU-

amu? :
\———

*

) YKa3aHHbI 30€Ch Y3KMI CMbBICA TEPMHHOB «HHTEPIIONTHPOBAHUED H
Ckogrr]:anonnp()BaH"e)-) CTaHOBHMTCS OYEBMUIHBIM, €C/IH YYHTHIBATL WX JIaTHH-
@Hey, POUCXOKAEHHE: «inter» M «eX1ra» 03HA4alOT COOTBETCTBEHHO «MEXIY»
B a «polire» — «nenars rmagkum» [200]; Takum 06pa3oM, HHTEPIOIHPO-

Ba:“e ~— 3TO CPN@KUBAHUE MEXIY y3/1aMH, A SKCTPaNOIMPOBAHHE — CIIAKH-
He BHE Tabnuupl.

«3IK



JIns coBepLIEHHO MPOM3BONBHON QyHKUMK f(x) Takas Mocrg.
HOBKA BOMPOCA O MOPPEIIHOCTH HHTEPNOSAUMU 32BEAOMO Hekop.
PEKTHa, MOCKOIbKY (QYHKUMH, AN KOTOPBIX MOCTPOEHHBIH (€MuHCy.
BeHHbIH!) MHOrOusien L, (x) OyieT HHTepnosunOHHbIM, OECKOHeyy,
MHOTO; JIEFKO TPEACTABUTL cefe 3Ty CUTyauuio rpaQuuecku: uepe;
n+1 3ajaHHBIX TOuek c koopmuHatamu (xo; vo), (x5 1), ..,
(x,; ¥n), COTIACHO AOKA3aHHOMY, MOKHO MPOBECTH €IMHCTBEHHyj,
napabojy — rpadHKk MHOTOYJIEHa CTENEHH n — M, B TO K€ Bpemg
MOXHO H300pa3HTh CKOJILKO YTOIHO rpadukoB Apyrix GyHKUMH, Kay
YIOHO CHJIBHO OT/IMYAIOLIMXCSA OT 3TOi napaGosbl. ITOT GaKT ropo-
PHT O TOM, YTO 3aKJIOYMTH BEJHYHMHY ITOrO OTKJIOHEHHMA, T.€. Ho-
IPELIHOCTh MHTEPTIONALMY, B ONPENENEHHble PaMKH HEBO3MOKHo,
€C/IM HE HAJIOXKHTh KaKUX-TO OTPaHHYEHHH Ha II1aJKOCTh WHTEPIONH-
pyemoit ¢yHkuun f(x) M Ha PacHONOKEHHE Y370B HHTEPHONSUUK
X9, X1, .-, X, Ha oTpe3ke [a, b].

ByzieM BBISCHATH BeUUMHY OTKIOHeHus f(x) ot L,(x) B npo-
U3BONILHOM TOUKe X € [a, b], uHaue, BeNMUUHY 0CMAMoO4H020 Yaena

Rn(x):: f(x)_ Ln(x)
uHTepnoisionHoi gopmynel Jlarpanxa (8.9) B npeanonoxexuu,

yto f(x)e C[':'lb], T.e. naHHas QyHKUMA n+1 pa3 HENpepbiBHO

nuddepeHuupyema.
: O603HauuM

H,,H(x)::fg(x—xi)=(x—xoxx-xl)..«x—xn) (8.10)

— onpeneneHHblll yepes y3mbl Xq, Xq, ..., X,, MHOrOusneH (n+1)-i
creneHu. Yepes Hero BBEAEM B PACCMOTPEHHE (PYHKIIHIO

| u(x):= f(x) = Ly(x) = el 44 (x), (8.11)

Tle ¢ — HeKOTOopasi MOCTOsIHHAs ([lapamerp).

Tak KaK B TOYKAX X = Xq, X{, :--, X, MHorousen I1,,;(x) obpa-
WaeTcst B HyNb, COTIACHO €r0 KOHCTpyKuuH, a f(x)—L,(x)=0 B
STHX TOYKaX 1O YCJOBHMSAM MHTeprnoisuuu, To ¥ u(x;)=0 mpH
i=0,1,...,n, T.e. Gynkuus u(x) umeer Ha otpeske [a, b] 1m0 MeHE
weii Mepe n+1 kopeHb. [log6epem mapamerp ¢ Tak, 4ToObI u(x
¥MeNa 3aBeOMO eule U (1 + 2)-il KOpeHb B Kakoi-To (puxcupoBan”
HOM Touke X (# x;) npoMexyTka [a, b]. Umeem:

f(f)—[‘n(f),

wX)=0 o f(f)—L,,'(i)=C.Hn+l(’—‘) < o= 11,1 (%)



gpHyYeM TaKOE 3HaueHne c 0Os3aTeNbHO HalzeTcs, MOCKOIbKY
11,+1(x) = 0 TonbKO B y3aX X;.

[lycts pas onpepenenHoctd x € (x;, x;.1). Toraa MoxHO yT-
pepKAaTh, YTO IPU HaWACHHOM ¢ (yHKuMs 2(X) paBHA HYJIO Ha
KoHIAX n+1 orpeskos [xO’ xl]’ [xl’ xZ]’ ) [xi’ f]’ [f’ xi+]]’ T
[Xp-15 X, ]- 3naunt, Kk GyHkimu u(x) Ha KaXAOM M3 ITHX OTPE3KOB
npuMeHiMa Teopema Poins, T.e. BHYTPH KakaO0TO U3 THX OTPE3KOB
CyLLECTBYET, MO KpaiHeil Mepe, 110 OAHON Takoi TOYke, B KOTOPOH
npou3BoaHas Gynkunu u(x) obpaiaercs B Hymb. DTH n+1 Todku
00pa3ylOT CHCTEMY W3 7 OTPE3KOB, HA KOHIAX KAXJOr0 M3 KOTOPBIX
yxke QyHKUms u'(X) paBHa Hymo, T.e. Teneph K MPOH3BOAHON MOXHO
NpUMEHHTL TeopeMy Posis, no kOoTOpoll cywmecTByeT »n HyJnell BTO-
poH nponv:'.Bom'{oﬁ bynkunu u(x). Iponomkas npouecc TakMx pac-
cy’KIEHHH J1ajee, B KOHLE KOHLOB, MPUXOANM K BBIBOAY O CYLIECT-
goBaHHM Takoi Touku ¢ € (xg, x,) < (a, b), utO u("“)(f): 0.
YuuThIBasA, YTO #n-5 [POM3BOJHAS MHOTOU/IEHA n-il CTENEHU [0CTO-
anHa, a (n+1)-1 paBHa HyIO, HAXOAMM Bbipaxkenue (n +1)-i npous-
oHOM dyHKuMH u(x), 3ananHol paBeHcTBOM (8.11):

u" ()= £ G0 - (1)
Hrak, cyinectyer Touka & € (xp, x,,) Takas, 4to
(n+1)
FONE) en+1)1=0, 1o o= L(;#f’—)

310 3HauYeHME C AO/DKHO CoBnaaars € Bble&HHLIM panee, T.e. JOJDK-
HO BBITIOJTHATBECS PABEHCTBO

S®-L,®) _ @)
I, 1(%) (n+1)!

OTKyJa nosyiyyaem

(n+1)
@1, =L 8, )

(n+1)!
Tak xax B kauectse ¥ morna GmTh B3ATa MoGas ToUKa X W3 Mpome-
XYTka [a, b}, He coBnanalomas MU ¢ KAKOH y31I0BOH, pachuKCHpYeM
UM, xak ewe rosopsr, pa3sMOpO3KMM) TOYKY X, T.€. 3aMEHHUM €€ B
focie rHem PaBeHCTBE MPOM3BONLHOW TOYKOH X # X;, B pe3ylbrare
€0 npuxoanm K BBIPAKEHHUIO OCTaTOYHOTO 4JieHa

7D

Ro(x) = (r+1)!

41(x). (8.12)



3HaHHe OCTATOYHOTO YjieHa B Npeanonoxkenu (n+ 1)-kpaTHoi
nudodepenuupyemMoctd f(x) M03BOJISET 3amMcaTh TOYHOE NPENCTaB-
neHue f(x) yepes ee MHTEPNOISLMOHHBIA MHOrOUNEH L, (X):
(n+1)
6= 1,0+ L8, ), (5.13)
(n+1)!
rae & — Hekoropas (BooOIe roBops, HEM3BECTHASA, IPHYEM 3aBUCS-
luas OT Xx) TOUKa M3 NpoMexyTka untepnonsunu (a, b), a I1, . (x)
*

— onpeneneHHbld B (8.10) MHOrOYIEH ).

Tenepb MOXHO CTaBUTh M MBITATbCsH OTBEYATb Ha BOMPOCHI o
MOrpelIHOCTH NPHOJMKEHHOTO BbIYMCICHHs 3HaueHus f(x) ¢ mo-
molbto L,(x) B Kakoi-TH60 KOHKPETHOH TOUYKE MPOMEKYTKA [a, b],
0 BENMYMHE MAKCHMAJbHOM MOrpelIHOCTH, AOMyCKaeMOH NpH noj-
meHe dyHkuun f(x) MHorouneHoMm L,(x) Ha 3TOM npoMexyTke, o
CXOAMMOCTH HHTEPMOJSILMOHHOTO Mpouecca, T.€. O TOM, HMeer
nu mecto p(f(x), L, (x))—rl:;) 0 no merpuike P(-,-) TOrO UM HHOTO

onpeaenenHoro Ha [a, b] GpyHKUHOHATBLHOTO MPOCTPAHCTBA.
Tak, ecliu M3BECTHA BEJIHYHHA
M= max |7
xela, b]
TO OLEHHTh ab6COMIOTHYIO IOrPEWIHOCTh  MHTEPMONALMOHHOI
dopmynel (8.9) B noboii Touke X €[a, b] MOKHO C momoub0
HEPABEHCTBA
~ ~ ~ Mn+l ~
Ry ()| =1/ (%) =~ L (D)} < 51,01 (F)). (8.14)
(n+1)

MakcuMajibpHas NOrPElIHOCT HMHTEPIOJMPOBAHUS Ha OTpeEs-
ke [a, b] ouenuBaeTcs BeIMUUHOIM

My
max |R,(x)| < —2— max |I1,.;(x)|. (8.15)
x€la, b]| w0l (n+1)!x€a, b]' nil . l

Tak kak makcumymst dyrxunii £7*D(x) n 10, (x) nocraraiotcs,
BOOOLLE rOBOPS, B PasHbIX TOYKax oTpeska |a, b], To Gonee TOUHOH,
HO GoJiee TPYAHO peanu3yeMoi no cpaBHeHH1o ¢ (8.15) cnenyer cuH-
TaTh OLEHKY

max _ |R,(x)| € —— max
xela,b] (n+1)!xefa,b

]if<"+‘>(x)nn+.(x)l,

* H
) dopmyna (8.12) ycranaBiMBanach Ais 3HAUEHHH X#X;. Ho “Ea

= x; nesas M npasad yactu (8.12) paBHbI Hy/IO, CllefOBATENBHO, dopMy
(8.12), a ¢ Heto u npeacTarnenue (8.13), cripasennuBbl npu MoGBIX ¥ € 190 77



Ilpumep 8.1. PacCMOTpMM KBagpaTHUHYH) HMHTEPHONAUMIO (YHKUMH

. T .
y=sinx Ha OTpe3ke O,E} no ee Tpem 3HavyeHusM: sin0=0,

ITo dopmyne (8.8) crponuM MHorowieH JlarpaHa BTOpPOi CTENeHH

G G G G I Mt e

2D EEd T BE

win nocne npeobpasoBaHuit

Lr(x)=

8 V2
Ly(x)=—x{ (1-v2)x + 2 1. (8.16)
72 2 4
OcTaTOYHBIH YJIEH A/ 3TOTO Ciy4das nomyyaeM no ¢popmyne (8.12), yunrsias,
yro n=2, (sinx)”=-cosx u Il3(x)=x x—-;i x—g— .

Hmeem:

Ry(x) = sinx - Ly(x) = "°3°!S‘f x(x-%)(x~§).

T
Tak kak Toyka & E(O, 5) HEeH3BECTHA, MOXHO Nenath b oueHku | Ry (x)],
nomaras M; = max |-cosx|=1. Haiina mMakcumansHoe sHadenue |I13(x),
xel:O,Z
2
p
peanusyemoe B IByX TOYKAaX HAHHOTO OTpe3ka Xj 5 = —15(3 * ﬁ) M He npesoc-

Xonainee 0.568 , no popmye (8.15) oueHrBaem cBepXy BETHYHHY JOIMYCTHMO-
IO OTKIOHeHHs nyru napaGosst (8.16) OT AaHHOM CHHYCOMAB! HA NPOMEXYTKE
HHTEPNONMpOBaKUS:

0.568

max _|sinx — Ly(x)| < <L max |Ly(x)| <
xe{ 0 5} 3! ve[ZO 2]

lloncraBum B nosyueHHBIH HHTEPNONALMOHHBIA MHOTOUIEH (8.16) KOH-

TPOnBRY10 TOYKY X= [Tonyyum  npubirkeHHOE — 3HaYeHHE

L 4\/—
2= 6 —~—~ 0.517, oTtaMyaroiieecs OT 3HAYCHHUA sm-6— =0.5 Ha Benu-



4uHy =~ 0.017 , MEHBILYIO, YEM 3TO NOIMYCKaeTCA OLeHKOMH no dopmyie (8.14):

3
sinf—L2(£) M n;,(f] =l(f) ~0.075.
6 \e)l” 3] *\6J| 6ls6

Habnonaem THIHYHYIO KapTHHY: aKTHyecKas NOTrpeLiHOCTb MEHbIIE OLIeHKy
NOrpemHOCTH B TOYKE, KOTOpas, B CBOIO O4Yepelb, MEHBLIE MAKCHMATBHOH Mo-
IPELIHOCTH Ha OTPE3Ke (T.€. 10 YeObILEBCKOH HOPME).

B 3akmtoyeHne 3toro naparpada 3ameTHM, 4TO uyepe3 BBEIEH-
Heiil B (8.10) muorounen II, ;(x) MHTEPNONALUMOHHBIH MHOrOYMIEH
Jlarpanxa (8.6) MOxHO 3anucath B Oonee koMmnakTHOH (opme. Ing
3TOr0 JOCTAaTOYHO YBHAETh, YTO 3HAMEHaTeN b (UrypUpYOLleH Tam
apobu mnpencraBaser cobON 3HauYEHHE MPOU3BOAHON MHOrOYJEHa
I1,,.1(x) B i-M y3ne, a yucautens ectb npocto I1,,,(x) 6e3 MHOXH-
TENd X — X;.

Takum o6pazom,

4 nn+1(x)J’i 1 Vi
L,(x)= =11, - . (8.6
=) Eo (x—x; )H'n+1 (xi) ](X)Eo (x—x; )Hn+l(xi) (8.62)



